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We systematically investigate the effect of short distance physics on the spectrum of 
temperature anistropies in the Cosmic Microwave Background produced during inflation. 
We present a general argument-assuming only low energy locality-that the size of such 
effects are of order H 2 /M 2 , where H is the Hubble parameter during inflation, and M is 
the scale of the high energy physics. 

We evaluate the strength of such effects in a number of specific string and M theory 
models. In weakly coupled field theory and string theory models, the effects are far too 
small to be observed. In phenomenologically attractive Hofava-Witten compactifications, 
the effects are much larger but still unobservable. In certain M theory models, for which 
the fundamental Planck scale is several orders of magnitude below the conventional scale 
of grand unification, the effects may be on the threshold of detectability. 

However, observations of both the scalar and tensor fluctuation contributions to the 
Cosmic Microwave Background power spectrum-with a precision near the cosmic variance 
limit-are necessary in order to unambiguously demonstrate the existence of these signatures 
of high energy physics. This is a formidable experimental challenge. 
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1. Introduction 

The enormous disparity in scales between the observed Planck mass ~ 10 19 GeV and 
the energy of current accelerators (10 3 GeV) stands as the main barrier to connecting 
theoretical work in quantum gravity to experiment. There are a few exceptions to this dif- 
ficult situation. Proton decay experiments overcome this immense disparity by examining 
decays in kilotons of protons for millions of seconds. Investigations of coupling constant 
unification use the slow, logarithmic variation of couplings combined with the assumption 
of a desert to extract information about the nature and scale of unification. But such 
bright spots are few and far between. 

Observational cosmology provides a window into very early times and hence, most 
think, into very high energy processes. This possible high energy probe has received much 
more attention recently because of the new data available, the experiments being done, 
and the experiments being planned to study the cosmic microwave backround radiation 
(CMBR). The benchmark theory that explains the fluctuations in the CMBR is inflationB, 
which traces them to "thermal" quanta of a scalar inflaton field during a time of expo- 
nential expansion of the universe. In the simplest models of inflation the scale of vacuum 
energy during this period of exponential expansion was ~ 10 16 GeV and the rate of expo- 
nential expansion H ~ 10 13 — 10 14 GeV. These enormous energies suggest that during the 
inflationary epoch various kinds of high energy processes were activated, and further, that 
they could have left their imprint on the CMBR. 

Many authors have drawn attention to this exciting prospect. The first piece of high 
energy physics to be unraveled could well be dynamics of inflation itself. Much work has 
gone into how to reconstruct the potential of the inflaton field from CMBR data 0. 

We should stress at this point that it is by no means necessary for the scale of inflation 
to be as high as H ~ 10 13 — 10 14 GeV. Other inflationary models, e.g. hybrid models ||, 
exist where H can be much lower, for example, H ~ 10 3 GeV. Fortunately the scale of 
inflation can be experimentally tested. Since gravity couples to mass-energy, the amount 
of gravitational radiation produced during inflation is directly related to the energy avail- 
able during inflation. This gravitational radiation imprints itself as a polarized component 
of the CMBR, whose power is proportional to (H/m^) 2 , where is the (reduced) four 
dimensional Planck length. So measurements of this power give a direct measurement of 

1 For textbook introductions see [0] . 
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H. COBE H data already provide the interesting upper bound H < 10 14 GeV which cor- 
responds to vacuum energies ~ 10 16 GeV, the supersymmetric unification scale. Intensive 
efforts are under way to improve this measurement. 

In this paper we will concentrate on the "high scale" possibility for H since this gives 
the largest range for discovering new physics via inflation. There have been a number of 
investigations of the signature of high energy scale physics in the CMBR. Heavy particles 
produced by parametric resonance have been studied in 0. Several groups [j^P, |T0l , |lTi|T2| 
have studied the effect that simple phenomenological models of stringy corrections to 
gravity would have on the inflationary fluctuation spectrum in the CMBR. This work 
shares many features with the results we will present. These groups found that the size of 
these imprints on the CMBR is controlled by the natural dimensionless ratio r = H 2 jmr s 
where m s is the string mass. For conventional weakly coupled string theories containing 
gravity m s is approximately the same as the four dimensional Planck mass ~ 10 19 GeV 
so r ~ 10 -11 . The actual size of the effects in these models depends on some delicate 
issues of boundary conditions at short distances that are not completely specified by the 
model. These groups have surveyed the range of possible long distance behaviors allowed 
by different boundary conditions. The authors of have focused on boundary conditions 
that yield imprints of size ~ r while the authors of |12[ have focused on boundary conditions 
yielding effects of of size ~ r n , n ~ .5 . The analysis we present below shows that the effects 
are of size ~ r in any theory that is local on momentum scales < H, an apparently sensible 
physical requirement. Such an effect is far too small to observe for r ~ KT 11 . In fact, 
the ultimate statistical limit of cosmic variance, the number of independent sky samples 
available, excludes it from being observed even in principle. 

It is important to note, though, how great an improvement this ratio is over the 
suppression accelerator based physicists must confront. The energies accessible to them 
are of order 10 3 GeV so their suppressions are of order (10 3 /10 19 ) 2 ~ 10 -32 . But the fact 
that r ~ 10 -11 is a vast improvement is cold comfort to an experimentalist waiting for 
counts in an apparatus. 

But, as pointed out in \TJ\, modern string and M theory models allow for the possibility 
of lower values of the fundamental mass scales, raising the possibility of more favorable 
ratios r. Much of this paper will be devoted to exploring this question in detail. 

In Section 2, we will briefly review the framework of slow roll inflation, explaining the 
basic observable quantities in both scalar and tensor fluctuations. We emphasize that the 
size of inflationary perturbations is fully determined by physics at the scale H which is 
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much below the Planck scale. Therefore the locality of effective theory used to compute 
the fluctuations implies that these perturbations are independent of the details of Planck 
scale physics. 

In Section 3, we will explain the basic mechanism by which high energy physics leaves 
an imprint on CMBR fluctuations. We analyze this effect by assuming that string theory 
at energies ~ H is approximately local. Therefore, by integrating out heavy degrees of 
freedom (of characteristic mass M), we can write a local effective action for the inflaton 
field at momentum scale H. We identify which terms contribute the largest effect for 
large M (the leading irrelevant operators) and recover the basic H 2 /M 2 estimate for the 
imprint on the CMBR. We then show that all weakly coupled string models, and in fact 
all ordinary field theoretic models in the absence of fine tuning, give unobservably small 
effects. 

In Section 4, we turn to strongly coupled string theory in a search for lower funda- 
mental mass scales which may lead to larger effects. We analyze M theory models of the 
Hofava-Witten type using the phenomenologically appealing grand unified compactifica- 
tions discussed in ||13|| . We show these models give effects of size < 10 -7 , too small to be 
observed, but larger than the weakly coupled string models because the fundamental eleven 
dimensional Planck scale here is lower, ~ 5 x 10 16 GeV. We go on to discuss G<i compactifi- 
cations of M theory. Here, rather than having, roughly speaking, one large dimension as in 
the Hofava-Witten case, we can have four large dimensions, as the singularities supporting 
gauge dynamics are codimension four |jT4"yi5|| . If we abandon the requirement of precision 
grand unification and allow our compactification manifold to get as large as possible, while 
remaining consistent with the four dimensional character of inflation, we can make the 
imprint on the CMBR order one, and hence potentially observable. In these models the 
fundamental eleven dimensional Planck mass is m\\ ~ H ~ 7 x 10 13 GeV. We also consider 
the early cosmology of models with low unification scale m* ~ TeV. In these models the 
size of extra dimensions varies in the course of cosmological evolution, but the size of the 
imprints of the type we consider remains small. 

In Section 5, we discuss in detail the requirements necessary to observe these effects 
and distinguish them from other phenomena. It turns out that corrections of this type over 
the range of wavelengths accessible in scalar CMBR observations look like a change in the 
power law, or "tilt" of the observed power. Such a change can be mimicked by a change in 
the inflationary potential. What cannot be mimicked is the differential effect in the scalar 



and tensor fluctuations due to short distance physics. This point was first made in [16] 
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Ordinary inflationary fluctuations, without new physics, obey "inflationary consistency 
conditions" connecting scalar and tensor quantities. New heavy physics predicts a violation 



of these conditions [|16|. This is the unambiguous signal of new physics. 

We then show that the differencing inherent in the inflationary consistency conditions 
means that the actual signal is not of the size ~ r as discussed above, but is further 
suppressed by what is called an inflationary "slow roll parameter" which can range from 
~ .001 — .06 in various models. So the size of the measurable effect is somewhat smaller 
than initial estimates suggest. 

Finally, we point out that this unambiguous signal is very challenging to measure. 
First, it not only requires precision data for the scalar fluctuations, which are rapidly ac- 
cumulating, but it also requires precision data for the tensor fluctuations, which have not 
even been observed yet. Forthcoming experiments may however be able to observe the 
tensor fluctuations if inflation occurred at a high scale by observing the B-mode polariza- 
tion component of the CMBR. We argue that cosmic variance limited measurements over a 
substantial range in wavenumber of this quantity will be necessary to detect these signals. 
This is a formidable experimental challenge. 

In Section 6, we conclude. 



2. Slow Roll Inflation 

We begin with a review of the basic tenets of inflation. We will parameterize the 
inflationary potential V by a scale M 4 and a dimensionless function V; V = M 4 V. We 
will work in a spatially flat FRW universe with the metric 

ds 2 = -dt 2 + a 2 (t)dx 2 . (2.1) 

The independent background field equations then reduce to 



3H 2 = — ^ 



1 



12 



— + M 4 V 
2 



dV 

+ 3H<f) + M 4 — = 0, 



(2.2) 



where H = a/a is the Hubble parameter, ~ 2.4 x 10 18 GeV is the reduced four dimen- 
sional Planck mass, and dots denote time derivatives. The main feature of inflationary 
dynamics in the slow roll approximation is that we can ignore the acceleration of the 
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scalar field, because the cosmological expansion has the effect of friction and nearly freezes 
the scalar on the potential slope. The universe is dominated by the scalar field potential en- 
ergy and undergoes a period of rapid expansion. The usual parameters which characterize 
the validity of the slow roll approximation are 



n 



H<f> 
3^ 
2M 4 V' 



(2.3) 



The slow roll approximation is then formally defined as the regime \rj\, \e\ <C 1. The relative 
importance of these parameters depends on the model of inflation. For example, as we will 



see below in the case of natural inflation [171, or modular inflation, ||18|[ , e <C rj. Thus the 
deviations from slow roll are mainly coded in the parameter rj. In contrast, in the simplest 
model of chaotic inflation driven by a mass term, e ~ m 2 /H 2 >> r\ = in the slow roll 
regime. 

In the slow roll approximation, the equations ( |2.2| ) become 



3H 2 



M 4 



mi 



-V 

dV 



(2.4) 



3H(/) + M^— = 0. 



Using these equations, one readily finds the slow roll parameters in terms of the potential 
function V: 



.diV 



rj = e — m 4 



m. 



V 
2V 2 ' 



The equations ( |2T4T ) can now be integrated; they yield 

da 1 V 



a 



ml d^V 



d(f), 



which separates variables for any potential V. The solution is 



a ~ ao exp 



im 



4 J <j) 



V 

> d 6 V\ 



ao exp 



V 



mjd^Vo 



+ 



(2.5) 



(2.6) 



(2.7) 



in the slow roll regime. Hence, the universe will undergo rapid expansion while the vev 
of the inflaton may change only minutely. The space-time geometry is approximated by 
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a future half of de Sitter space during this period. Eventually however the change of the 
inflaton vev accumulates enough for the inflaton to depart the slow roll regime, and the 
potential becomes steeper. The inflaton approaches the minimum of the potential, begins 
to oscillate around it and produce matter particles, reheating the inflated universe back to 
temperatures which will eventually produce the universe we inhabit. 

Let us imagine that at late times the vacuum energy vanishes and inflation terminates 
such that there are no cosmo logical event horizons. This avoids conceptual difficulties 
with quantum gravity in spacetimes with cosmological horizons, but suffices to illustrate 
the main features of inflationary dynamics in the spacetime language. The causal structure 
of the universe is then given by the Penrose diagram of Fig. 1. 




Fig. 1: Causal diagram of an inflationary model. The dashed past null line is the 
true particle horizon, but it could also be a null singularity. The future null line is 
the future infinity. The shaded area denotes the region of exit from inflation and 
reheating. The thin solid line is a worldline of any spacelike separated object from 
an observer at the center of the space. The bold solid line is the apparent horizon. 
Its shape is characteristic of inflation in the past, and radiation domination followed 
by matter domination in the future. 
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In the diagram, the region of geometry below the particle horizon (dashed line) is ir- 
relevant for the future evolution as long as the period of inflation was sufficiently long. The 
future infinity appears as a consequence of our requirement for global exit from inflation. 
The spacetime below the reheating regime is the inflationary region, while that above it 
is the postinflationary, decelerating FRW universe. The thin solid line denotes any object 
spacelike separated from us, and for example is the worldline a distant galaxy follows after 
it forms. The bold solid line represents the apparent horizon, which plays central role for 
controlling the dynamics of inflation, as we will now elaborate. During inflation, it starts 
out almost null and "outward" directed, and then it flips "inward" . This reflects that H ~ 
const, during inflation. It ensures that the apparent horizon plays the role of the causal 
censor, limiting the amount of information which can fit inside an inflating region. The 
spacetime will therefore obey cosmic no-hair theorem, and inflation will succeed in getting 
rid of initial inhomogeneities. This may be viewed as another example of the cosmological 
variant of the holographic principle fill 1131 • The structure of the spacetime is fully coded 
on the preferred screen, i.e. the apparent horizon. Its area is small during inflation because 
H must be large, and hence the Hubble region is censored from excessive outside influence, 
because only a limited amount of information can fit in the interior. Moreover, most of 
the objects inside the Hubble region are in the thermal bath of fluctuations located in 
the region when the apparent horizon is almost null [ZT|, with the cosmological Hawking 
temperature Th = H/2%. Since the inflaton is much lighter than the Hubble scale during 
inflation, the interactions with the thermal quanta cause its vev and the background metric 
to fluctuate. 

Because of these quantum fluctuations, the inflaton is not exactly frozen to its slowly 
varying background vev. Instead it hops on the potential around the background value. 
Thus inside of some regions of the universe inflation may terminate a little later, because 
quantum effects push the inflaton a little farther up the plateau. These regions end up a 
fraction denser than their surroundings, and the matter in them begins to condense sooner, 
attracting additional matter from the neighborhood and eventually forming clusters and 
galaxies due to the classical Jeans instability. The fluctuations therefore induce small 
inhomogeneities on the perfectly smooth geometry left by inflation, which is measured 
experimentally via its imprint on the cosmic microwave background radiation, Sp/p ~ 
<5T/T, thanks to the Sachs- Wolfe effect. This is directly measured by the COBE Q satellite, 
and by the BOOMERanG |22| and MAXIMA |23j experiments, which set the normalization 



for the inhomogeneities at around Sp/p ~ 10 -5 . They further observe that the spectrum 
of inhomogeneities is nearly scale-independent. 

To determine the imprint of the fluctuations quantitatively we can use perturbation 
theory. In perturbation theory the fluctuations can be decomposed with respect to their 
transformation properties relative to the residual diffeomorphisms into scalar, vector and 
tensor modes. The vector modes decouple during inflation. Thus only the scalar and tensor 
modes are produced. The scalar modes cause density (and therefore CMBR temperature) 
fluctuations. The tensor modes are primordial gravitational waves produced by inflation, 
and affect the polarization of CMBR. 

A heuristic derivation of the scalar density contrast is as follows: the RMS fluctuation 
of the field induced by the thermal fluctuations is 8(f) = (pSr, and that of energy density 
is 8p = CpHSr, where C is a numerical coefficient of order unity, whose precise value 
depends on the details of postinflationary cosmology. The function St is the time delay 
imprinted by the fluctuations on the vev in different regions of space. Combining these 
equations, one finds 

5 -P = cist (2.8) 

p 

and then one needs to compute the RMS fluctuation of the inflaton Sep. As we will discuss 
in more detail below, fluctuations of the transverse traceless modes of the graviton (which 
obey free scalar field equations) also contribute to the density variations. 

In order to determine precisely how the quantum fluctuations of these fields evolve 
into temperature anisotropies in the sky today, one must first compute their effect on 
the curvature, and then use gauge-invariant gravitational perturbation theory to evolve 
the perturbation forward to the present era. One can define a gauge-invariant variable 
which is well approximated by the right hand side of ( |2.8| ) as modes exit from the de Sitter 
horizon during inflation, and which is approximately constant between this time, and when 
the mode re-enters the cosmological horizon later. At this later time ( is well approximated 
by Sp/p, establishing ( |2.8[ ) This stage in the process is purely classical, because energy 
scales below H correspond to scales outside the causal horizon, and so coherent quantum 
fluctuations do not contribute at these wavelengths. The correct procedure is therefore to 
compute the quantum fluctuation of the inflaton field in de Sitter space, and then use it 
to evaluate ( at the time the fluctuation exits the horizon; i.e., at momentum p = H. 



As pointed out in [25] , if the slow roll approximation breaks down this procedure will 
not be accurate (however, see f2(|). For the sake of simplicity we will restrict ourselves to 
models where this is not a concern. 
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To compute the quantum fluctuation itself, one treats the fluctuating field as a per- 
turbation around the de Sitter background and computes the mean-square variance as 
the (appropriately normalized) Fourier component of an equal-time two-point function 
evaluated at 3- momentum p = H: 



where (f> represents either the inflaton or a physical mode of the graviton. The normal- 
ization is determined by the more detailed computation we perform below. In standard 
inflation, this is done assuming the inflaton is a free, minimally coupled scalar. As we 
will demonstrate in section 3, interactions with massive particles will modify the 2-point 
function and affect the spectrum of fluctuations. As long as the self-interactions of the 
inflaton (either in the classical potential, or induced by quantum corrections) are weak at 
energy scale H, so that a perturbative expansion is valid at this scale, this procedure is 
well defined. Of course, more general theories will involve strong coupling, but generically 
will also violate the observed constraints on Sp/p. 

Before considering such complications, we review the standard calculation. We begin 
by approximating the geometry by a future portion of de Sitter space. With a = ao exp(Ht) 
in ( [2.1| ) , the inflaton field equation is 




where we have transformed to the conformal time r\ = —H 1 e Ht . We can quantize cf> by 
considering the general solution 



Choosing the vacuum which matches the flat space case in the infinite past r\ —>■ oo and 
in the high frequency limit k — > oo, we find that positive frequency modes are Ak = 0, 
Bk = — 1. Then the mode expansion in Minkowski space is 



(<^) 2 ~<0(p)0(-p)>| p= H, 



(2.9) 





(2.10) 






(2.12) 



where 




(2.13) 
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The positive frequency 2-point function is 



G + (x : x') = (0\(p(x)(p(x') |0) = 7—3 / d 3 k x 



1 

(27) 

rj-2 a -H(t+t') -TT . 

2P + 2k + 2k 2 V 



(2.14) 

To evaluate the fluctuations of the inflaton at lowest order, we compute the quantity 

<«*)«*)> = 7^ (^ + = /" ^ f i + , (2.15) 



2tt) 3 7 V 2A; 2fc 3 y (2tt) 3 J p \2 2p 2 

where p = e~ Ht k is the physical momentum conjugate to the proper distance x = e Ht x. 

The first term, which gives a UV-divergent contribution, is identical to the flat space 
result and should therefore be ignored. In other words, we are interested only in effects 
proportional to H, not in flat-space fluctuations which can be renormalized away. The 
second term is peculiar to de Sitter space and requires more careful treatment. 

The magnitude of the fluctuations is determined by their power P^(k), defined by 
{4>{x) 2 ) = J %P<t>(k). Then the mean-square spectrum of fluctuations is (|5</>| 2 ) = P^iH). 
From (|2.15| ) , we see that 

. , \ / / \ \ 1 [ dk fk 2 H 2 \ 

w ^ W) = _y T ( T+ _j, (2.16) 

so, neglecting the first term as explained above, we obtain 

d^l 2 ) = ( 2 - 17 ) 
This gives 8<fi — H/2tt, finally yielding 

- = fir <2 - 18 » 

p 2tt (j) 

At this point, it is clear how to incorporate interactions into the calculation. If the 
theory contains a massive field (with mass M 3> H) which couples to the inflation, we can 
integrate it out using standard field theory techniques and obtain an effective potential for 
the inflaton. As can be seen from the two point function ( |2.14| ), such a procedure yields-in 
addition to the ordinary flat space terms-terms proportional to H 2 /M 2 , p 2 H 2 / 'M 4 , etc. 
It is important to note that no cutoff or Planck scale comes into these corrections. The 
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highest probe energy available in inflation and later visible in the CMB is H. As discussed 
in Sec. 3, it is these contributions we are primarily concerned with in this paper. 

We can re-express ( |2.18| ) in terms of the inflationary potential using the slow roll 



equations (|2.4|) . It is 

5p C M 2 V 3 / 2 , . 

= —j= T TTTT- 2.19 

This is the familiar formula for scalar fluctuations in inflation. We note that the so-called 
scalar power spectrum 5g is related to the density contrast by 5| = (2/5C) 2 (5p/p) 2 , and 
using ( |2.19| ) we can express it as 



1 M 4 V 3 
757r 2 ^5~[d V] 2 



*S = ^-i-^TT^ (2-20) 



The causal structure of the inflationary spacetime depicted in Fig. 1. provides a 
straightforward understanding of the emergence of a (nearly) scale-invariant spectrum 
of fluctuations. A quantum fluctuation which seeds a galaxy is created just before its 
worldline intersects the apparent horizon. At that instant, it is as big as the Hubble horizon. 
Then it is expelled outside of the apparent horizon, where it freezes, and remains frozen 
until horizon reentry in distant future. After reentry the fluctuation becomes dynamical 
and evolves as dictated by gravitational instability. Scale invariance then follows from 
causal evolution if H ~ const., because the fluctuations of very different wavelengths are 
produced with the same amplitude. The evolution of the fluctuations can initially be 
described well by linear perturbation theory. However, nonlinear ities eventually develop 
because of nontrivial interactions with the environment. In the matter dominated era, 
the fluctuations evolve differently before decoupling than after it. Before decoupling, the 
universe is opaque and therefore the baryonic matter is influenced by radiation pressure, 
which competes with gravitational collapse. This results in the emergence of acoustic 
oscillations, with characteristic peaks imprinted on the CMBR. The peaks appear because 
the perturbations whose wavelengths are half-integer divisors of the sound horizon (i.e. 
the largest distance sound can travel within the time of recombination) at decoupling can 
complete full oscillation cycles. The location and the heights of the peaks measure very 
accurately the cosmological parameters, in particular the Hubble parameter at decoupling. 

Before turning to the specifics of modular inflation, we briefly review the mechanism 
for generating tensor fluctuations during inflation. These are just the gravitational waves, 
and correspond to the transverse-traceless metric fluctuations hki ■ They obey the linearized 
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field equation V 2 h k i = 0, where the covariant derivatives and raising and lowering of indices 
is defined relative to the background metric g^ v = diag(— 1, a 2 {t)b~ki)- Therefore each of the 
two graviton polarizations obeys the free massless scalar equation, and it is straightforward 
to quantize them in de Sitter space, in precisely the same way as in eqs. (|2.10|) - ( |2.17|) . 



In particular the root mean square fluctuation of the graviton is (Sh^i) — H/2n. However 
the formula for the tensor power spectrum is different than for the scalar. It is directly 
proportional to the fluctuation of the metric, 

r , II 2 1 M 4 , 
by slow roll equations (|2.4|) . The tensor nature of these fluctuations induce oscillations in 



the plasma during decoupling which polarize the CMB photons in an observable way fl27 
The ratio 71. = b\jb 2 s is a characteristic of the inflationary model, and is given by 



(2.22) 



It is straightforward to verify that in terms of the slow roll parameters, 1Z is given as 

K = 25e . (2.23) 

The fluctuation spectra produced in inflation are not exactly scale-invariant. If the 
background inflaton vev were exactly frozen, and the geometry precisely de Sitter, the 
prediction for fluctuations (|2.18| ) ( p721|) would have been time-independent, and therefore 
exactly scale-invariant. In reality, there is weak time-dependence in ( |2.18| ) because the 
inflaton is sliding down the plateau. This time dependence, manifest in the variation of 
H and <fi, translates into scale dependence of fluctuations, and produces a spectrum which 
is not exactly scale-invariant. This departure from scale invariance is a function of the 
specifics of inflationary model as defined by the potential. Below we will consider the 
details in the case of modular inflation. 

2.1. The Specifics of Modular Inflation 

To proceed, we need to determine more closely the form of the inflaton potential. For 
definiteness, we approximate here the potential function V by an inverted parabola 

y = l-(ty (2.24) 
12 



This approximation is generically valid in at least some region of the primordial universe 
which begins to inflate, if the inflaton is a modulus. The modulus begins near the maximum 
of the potential. Then the slow roll conditions yield 



• 2M 2 m 4 



(2.25) 



2 



The slow roll parameters for ( |2.24| ) are initially 



2 d}V 2ml 

~ e — m 



4 V ~ u 2 

(2.26) 



m 2 [c^V] 2 _ 2m 2 </> 2 



V 2 li 



4 



< rj 



and hence, the parameter 1/ li 2 which we introduced in the potential (|2.24|) is equal to 1/ml 
multiplied by a small parameter rj/2. This guarantees that the potential is sufficiently flat 
to support inflation. 

We could now solve these equations directly. However, rather than integrating to find 
the time-dependence, it is more instructive to solve the equation (|2.6|) . We will use the 



number of efolds before the end of inflation, or equivalently, the value of the scale factor 
a, as the cosmic clock. First, we define the number of efolds that universe has expanded 
by to be 

jV = ln(-^) = / dtH = I d(f>— (2.27) 



Then using ( |2.25| ) we can explicitly integrate this to find 

1 



V 



'0 



ln[-H +^[<f>l 



(2.28) 



2^ 

Here <po is the initial value of the inflaton. In modular inflation, </>o would typically be 
near the top of the potential, in this case near zero. Such initial conditions produce a huge 
amount of inflation, as is clear from ( |2.27[ ), which diverges in the limit <po — > 0. Of all that 
expansion, we can only observe the final 60 efolds or so, during which the universe expands 
by a factor of about 10 26 . Any indications of expansion beyond that would be completely 
outside of the current size of the universe, and hence not accessible to our observations. 
Because we are only interested in the last 60 efolds, we can take <po to be near its value 
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at the end of inflation. Inflation ends when the slow-roll conditions cease to be valid, i.e. 
when 77, e ~ 1. This occurs when the vev of grows to d 2 V ~ H 2 , which in the case of 
modular potential ( |2.24j ) happens when <p ~ P- Because a small change in the value of <f>, 
of order ~ e, yields N ~ r? -1 efolds of inflation, we require that r\ ~ 1/70, which is enough 
to solve the horizon and flatness problems. In that case the latter two terms in eq. (I 



are essentially negligible compared to the logarithm, and we will drop them hereafter. We 
note that in this case the other slow roll parameter is e ~ 2m\/ p 2 e 2 ~ 77/e 2 . 

We now define TV = iV* — N as the number of efolds left before the end of inflation. This 
variable is convenient to make contact with large scale structure and CMB observations. 
In terms of it, we can write down the solutions as 




(2.29) 



Inflation now lasts from when M ~ 60 or larger, to about M = 0, at which point the higher- 



order terms in the modular potential, ignored for clarity in (|2.24|) , become important and 
reverse the sign of the effective mass term of (p. 

Because the rolling of the scalar down the potential is slow, the Hubble parameter and 
the scalar field change very little, and hence the amplitude of fluctuations remains nearly 
constant throughout inflation. Therefore the fluctuations are being incessantly produced 
with an almost constant value, and deployed outside of the horizon. They stay there until a 
long time into the future, when the Hubble horizon eventually grows large enough, and they 
cross back inside, and start to collapse. These are the fluctuations we observe on the sky. 
The weak time dependence of H and <fi implies that Sp/p is weakly scale-dependent. We 
trade the time dependence off for the scale dependence by the horizon crossing matching, 
defining the comoving momentum k of the fluctuation at horizon-crossing by 

k = aH (2.30) 

For modular inflation solution ( |2.29| ) this enables us to explicitly evaluate fl2.18| ) as a 
function of k. First, we note that 

k ~ k Q e- N (2.31) 
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where ko is the comoving momentum leaving the Hubble horizon at the end of inflation. 
In terms of it, we find 



Sp(k) 2CuM 2 /k \v 



k 



3/2 



(2.32) 



At 50 efolds before the end of inflation, the COBE measurements set the overall normal- 
ization to 5p/p\ 50 ~ 5 x 10" 5 . Thus CpM 2 jm\ ~ 8 x 10" 4 . Taking now C = 0(1) and 



~ Vl40m 4 ( |2.26| ), we obtain 



— ~ 8.2 x 10" 3 

TO4 



In this case, the Hubble scale at inflation is, using the first of ( |2.25|) 

H ~ 5.2 x 10 13 GeV , 



(2.33) 



(2.34) 



which is within the bound allowed by COBE and large-scale structure measurements, c.f. 
2|. 

The scale dependence is conveniently represented by defining the spectral index ns 
(or the tilt) and its gradient as 



n s = 1 + 2- 

dns 



din 



dink 

d 2 



(2.35) 



d\nk 

For the modular inflation model we find 

ns = 1 — 2?7 — 



dink 2 



6rj 



(2.36) 



(k /k)^-l 

Numerically, using ( |2.36|) , we find the tilt (at the scales corresponding to 50 efolds before 
the end of inflation) to be ns — 0.95 and vs — ~ 24 x 10 -3 . 

The tensor power spectrum is found by substituting ( |2.29| ) and ( |2 . 3 1| ) into ( |2.21| ) . We 

find 



1 M 4 



6tt 2 



k 



[2.37) 



Therefore, the ratio of tensor to scalar spectrum of fluctuations is, using e = precisely 



U = 25e, 



(2.38) 



which numerically is7£~4.8xl0 2 . 



15 



Above we have focused on the most familiar case, where the departure from the slow 
roll regime is dominated by the quadratic terms in the potential. It may however happen 
that the inflaton mass scales are smaller than the scales set by the vev, such that the 
termination of inflationary conditions is controlled by higher polynomial contribution to 
the inflaton potential. The numerical values we have obtained for ( |2.33|) and (|2.34|) clearly 



are sensitive to the precise form of the inflationary potential during the last 60 efolds, and 
it is of interest to determine the range of these parameters. To do so, one can parameterize 
different modular inflationary models by the potential function 



it 



V = 1 - ( ^ ) , (2.39) 



which yields, in the slow roll regime, the field equations 



H 




\/3m4 
V^P r ,., 



It is straightforward to find the solution, 

-N 



O- = dfinaie 



n ~ — — £ - „ + 



(n-4)// 2 (2-41) 



n(n — 2)m1(p n 2 2n(n — 2)m 2 ' 

and determine the density contrast. It is 

Sp = C ^■iW'L/jfWW 
p 2n7iV3^rn 4 / m 4 \<j)J L Vm 4 / J 

From the COBE normalization 5p/p\$o ~ 5 x 10 -5 we can derive an estimate of the 
scale of inflation. While there is some sensitivity to the initial condition, we find M ~ 

4 x 10" 2 n 1 / 2 (n - 2) 1 / 4 m 4 , or 

H ~ few x 10 14 nv / n^ r 2 GeV. (2.43) 
But in light of the bound H < 7 x 10 13 GeV on the Hubble scale of inflation [EH 



we see 



that the modular inflation models with n > 2 are excluded already, and we can ignore 
them henceforth. 
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In some cases, most of the late inflationary expansion can occur during the final 
approach of the inflaton to the minimum of the potential; this the the scenario of chaotic 
inflation In these cases, the potential is 

V = -<T, (2-44) 
n 

where V is the dimensionful quantity V = M 4 V. In the slow roll approximation the field 
equations reduce to 

£1 



' I III- slow-roll solution is 





3nm 4 (245) 

M^±(±)\ (2 - 46) 

fe g ^ ^ /2+1 (2 47 ) 

p 2T:^/3n 3 / 2 ml ' K ' J 

and using the COBE normalization we can straightforwardly determine H during inflation. 
It is 

H ~ 4tt x lO" 6 ^ m 4 , (2.48) 



The density contrast is 



which is a factor of yn/2 higher than the corresponding value in the case of quadratic 
(sub)leading potential. It is straightforward to determine the spectral index for scalar 
perturbations. It is 

n + 2 , 
" s = 1 " "2AT ■ (2 ' 49) 
Hence, in general, chaotic inflationary models driven by higher polynomial terms tend to 

yield a higher value of H during inflation, but they also give steeper potentials and therefore 
will yield larger values of the spectral index. The slow-roll parameters for chaotic inflation 
are 

n(n — 2) ml 
rj ~ — - 

2 I ^ (2-50) 
n mi 
e — — — ~ n. 

2 ^ 2 ' 

The ratio of tensor to scalar perturbation power obeys ( |2.22| ), 1Z = 25e, by virtue of 
( |2.20|) ,( p.21|) and ( |2.50|) . For low powers n, the parameter e now determines the duration 
of inflation, which therefore means that the ratio TZ is only weakly sensitive to the specifics 
of the potential, giving similar tensor power for different forms of V. 
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3. Imprint of Heavy States 

We now turn to the heart of our work-finding the imprint of new, heavy physics on the 
fluctuations discussed in the previous section. We will assume that the scale of inflation 
H is much smaller than the Planck mass, H <C 7714, so that a field theoretic treatment of 
gravity is appropriate. Further, we will assume that the mass scale of new physics M is 
much larger than H, M 3> H, and then assume that we can represent the effects of this new 
physics at the scale H by "integrating it out" and writing an effective field theory for the 
inflaton field. These assumptions-which rely on low energy locality and renormalization 
group ideas-are obviously correct in a field theoretic context, are obviously correct within 
string perturbation theory around supersymmetric vacua, and are correct in the known 
nonperturbative definitions of string and M theory in supersymmetric backgrounds. The 
enduring mystery of the cosmological constant, and the associated mysteries of string 
theory in de Sitter space, make these assumptions plausible, but not ironclad, in the 
present context. We make them anyway.@ 

We then can encode all the new physics by writing an effective field theory for <fi at 
the scale H. The scale H is appropriate since, as we see in ( |2.9p , that is where we evaluate 
inflaton correlation functions to compute the size of dp/ p. 

Instead of writing a fully covariant effective action for 0, let us just note that the 
curvature of de Sitter space is proportional to if 2 , and so we use this as an additional di- 
mensionful parameter in constructing terms. The interactions of the inflaton must always 
be very weak to give phenomenologically acceptable values of dp/ p. This is usually en- 
forced in specific models by some combination of fine tuning, dynamics and supersymmetry 
(broken at scale H). So we will ignore inflaton interactions. Given these considerations the 
most general Euclidean local action one can write down is of the form (we have assumed 
p ^> H and used flat space notation for simplicity): 



Sef /[</>} = / d 4 p <P(p)<f>(-p){p 2 /2 + H 2 /2 + c H 2 (H 2 /M 2 ) + c lP 2 (H 2 /M 2 ) + c 2 p 4 /M 2 



For an example of a speculation on how locality might break down in de Sitter space string 



+ c 3 p 4 /M 2 (H 2 /M 2 ) + c 4 p 6 /M 4 + ...}. 



(3.1) 



theory see [30]. 
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This structure follows from the fact that only even powers of momenta are allowed, 
and that the curvature is ~ H 2 . Therefore, no odd powers of M can appear. 

Information about new physics is contained in the coefficients q and in the scale M. 
From (|2.9| ) we see that measurements of dp/p help determine the value of ((f>(p)<f>(—p)) at 
p = H. From ( |3.1|) it follows that 



{<t>( P )<t>(-p))\ P =H = H 2 +c H 2 {H 2 /M 2 )+ Cl H 2 {H 2 /M 2 ) + c 2 H*/M 2 

(3.2) 

+ c 3 H 2 (H 2 /M 2 ) 2 + c A H 2 (H 2 /M 2 ) 2 + ... 

The large M corrections to (cp(p)(p( — (p)) \ p =h organize themselves into a power series 
in the dimensionless ratio r = H 2 /M 2 . We have assumed that this ratio is small, so the 
only terms that are potentially observable are the ones with coefficients c\ and c 2 - The 
term with coefficient cq is just a renormalization of the potential which we can ignore. 

On very general grounds the effect of new physics, whether field theoretic, string 
theoretic, M theoretic, etc. is proportional to r = H 2 /M 2 . The coefficients Ci must be 
computed, however, and can be much smaller than one, giving effects much smaller than 
the naive expectation. 

Several groups [^|||,[T^|]^[12| have previously analyzed a special case of this situation. 
They have added an irrelevant operator to Einstein gravity and directly computed its 
effect on inflationary fluctuations by solving the linearized wave equations. This requires 
specifying new boundary conditions at high momentum on the higher order differential 
equation. These boundary conditions are not determined by the model itself. The authors 
in []T(J impose the constraint that the solutions rapidly relax to the "adiabatic" vacuum 
shortly after they are created. They find imprints of size r ~ H 2 /M 2 , consistent with our 
general result. In |TI|,0 the authors study the general boundary condition and then focus 
on a special, differentil boundary condition that results in effects of size ~ (r) n , n ~ .5. 
This effect is inconsistent with our effective action result and so presumably this boundary 
condition violates locality in some way. We should also note that an effect of this functional 
form would imply a nonanalytic dependence on g 2 and on a' which would signal the 
breakdown of perturbation theory at weak coupling. All in all it seems likely to us that 



the special boundary condition chosen in 11,12 is unphysical. The subtleties mentioned 



The authors in [ 10 1 speculated that this boundary condition was the same as their adiabatic 



condition. The results of [12 show this is not the case. 
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at the beginning of this section make it impossible to definitively rule out such a result, 
however. 

The above illustrates the virtue of the effective action approach we are using here. 
Equation (|2.9|) shows that the relevant momentum scale for these processes is H, not 771,4. 
If there is a large hierarchy between these scales-which is the situation we are envisioning- 
then there should be no reason to consider Planckian dynamics at all, e.g., short distance 
boundary conditions, in studying the fluctuation problem. One simply encapsulates all 
the unknown short distance physics in an effective action. All the subtlety of choice of 
boundary condition is buried in the assumption of the existence of a local effective action. 
Given that our world appears to be local, this seems an excellent assumption. 

Perhaps we should phrase things in a more optimistic way. If experiments detect 
imprints in the CMBR of strength r 5 as predicted in [|TT| , |T2|j it would imply a breakdown of 
locality in low energy string theory, which might be a crucial clue in solving the cosmological 
constant problem! Alternatively, such results could also indicate that physics other than 
inflation may be responsible for the origin of structure in the universe. 

in some 



We now turn to the evaluation of the parameters in the effective action (|3.1 



specific physical situations. First imagine a heavy fermion field ijj coupled to the inflaton 
via a Yukawa interaction X(p^pip . A one loop graph in de Sitter space of ip particles clearly 



induces interactions of the form in (|3.1|) . These produce effects in the propagator 
of size ~ X 2 H 2 /M 2 with M = the fermion mass. Typically ~ A(0) ~ \rri4. 
(We ignore slow roll parameters here.) So these effects are ~ H 2 /m 2 ~ 10 -11 and hence 
unobservable. This result is quite general. A particle renormalizably coupled to the inflaton 
will generically have a mass ~ ((f>) ~ 7774 and so the virtual effects of this particle will be 
of order H 2 /m 2 : unobservably small.il Exceptions to this result can occur if counterterms 
are fine tuned to make the particle masses unnaturally small. Then the virtual effects can 
be very large and certainly observable. An extreme case of this limit has been studied in 
where a fermion becomes massless for a certain value of the inflaton field vev. When 
this vev is reached during the slow roll, fermions are produced copiously, sharply reducing 
<p and so, by ( |2.18| ), creating a sharp increase in Sp/p for a short time. This translates into 
a sharp peak in momentum space in the fluctuation spectrum. 

These phenomena require an additional level of fine tuning on top of any fine tuning 
required to make the inflaton potential well behaved. 



We thank S. Thomas for pointing this out to us. 
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Next we turn to weakly coupled heterotic string theory models of the "traditional" 
type: g 2 ~ .1, m s ~ ~ 10 19 GeV. The Calabi-Yau compactification radii are hence 
also of order l/m s . It will be useful to be able to vary this scale independently, so we 
will denote it 1/mcY- We do not understand inflation in string theory, or string theory in 
de Sitter space. If we assume the existence of an effective action in these environments, 
though, we can compute by evaluating terms in the effective action from the string theory 
S matrix in flat space (H = 0). 

These models have four real supercharges and hence have no constraints on the kinetic 
term in the four dimensional effective action. On the other hand, sixteen or more super- 
charges would require no renormalization of the kinetic term. So as racy — > and flat 
ten dimensional space is recovered, the higher derivative terms in the effective action must 
vanish. So we expect effects in the propagator ( |3.2| ) of size rn^yH 2 /m>i- For tucy ~ m s 
this becomes H 2 jmr s ~ 10 -11 . This is unobservable. 

To find effects closer to the threshold of detectability we must enter the realm of 
strongly coupled string theory, where the fundamental mass scale can be much less than 
7714. 

4. Large effects in string and M-theory 

We have shown that new physics at a scale M leads to the following expression for 
quantum fluctuations of the inflaton: 



The second term in brackets is the leading correction to the standard, free-field expression 
used in inflationary cosmology. X is a model-dependent, dimensionless number related to 
the coefficients in the effective action ( |3.1|) . It may get contributions from phase space 
factors in loop integrals, sums over heavy particles coupling to the inflaton, and so on. 

As we will argue in the next section, this correction is potentially observable as a 
correction to a well-known consistency condition on the tensor and scalar fluctuations of 
the CMBR. We believe such an effect is measurable in principle if 




(4.1) 



X 



H 2 



(4.2) 



M 2 



0.1 - 1 . 
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It is hard to be more precise with this number, as it depends on the measurability of the 
B-mode polarization, which is not yet well understood. 

The Hubble constant H 2 can be calculated, or hopefully measured in polarization 
experiments. The current upper bound from COBE, current degree-scale anisotropy ex- 
periments, and large-scale structure data is H = 7 x 10 13 GeV [28]. In 4D GUT models, 
M = m4, X <C 1, and the correction is unobservable.i However, in most phenomenolog- 
ically viable string and M-theory models, the fundamental scale Mf - either the higher- 
dimensional Planck scale or the string scale - is lower than the 4D Planck scale by up to 



two orders of magnitude [31,32,13]. If we compactify a <i-dimensional theory with Planck 
scale Mf on a (d— 4)-dimensional manifold X^-^ with volume Vd-4, then m 2 = Mj~ 2 Vd-4- 
The high scale is not a dynamical scale, but rather an artifact of the large volume of 
the compactification manifold. 

In these models we might expect M = Mf. However, so long as the Hubble scale is 
lower than the compactification scale, 4D effective field theory still applies. The effect on 
Q4.1|) of integrating out a given four-dimensional field still gives M = ,X<1. 

But higher-dimensional models have several new features which can significantly en- 



hance the corrections to (47T). First, the corrections in Q4.1| ) arise from nonrenormalizable 
gravitational couplings which become large at high energies. Thus high-scale physics-in 
particular the large numbers of particles above the Kaluza-Klein threshold-contributes 
significantly in loops. Secondly, the existence of tensor fields in 10- and 11-dimensional 
models leads to a large factor X from summing over polarizations of these fields. 

In almost all of the models we are interested in, the dominant effects arise from 
supergravity modes. The loop integrals appear highly divergent; but for the effects we 
are calculating they are cut off by either the restoration of maximal supersymmetry (to 
16 or 32 unbroken supercharges), or by the soft ultraviolet behavior of the fundamental 
theory. The result is highly model-dependent, and the numbers we arrive at by no means 
constitute a precise prediction. Nonetheless we can estimate whether the correction in 
( fl.l| ) is observable. To that end, we will begin this section by estimating XH 2 /M 2 as a 
function of the compactification radii and the cutoff. We will then analyze a variety of 
supersymmetric N = l,d = 4 models in string and M-theory and estimate the size of 



5 Models for which the particle coupling to the inflaton becomes light some (j> = 4>o during the 
inflationary epoch Q lead to an observable effect at a particular angular scale on the sky; this 
will be observationally distinct from the effects we discuss here. 



22 



the one-loop contribution to (O) in each. Readers who are less theoretically inclined (or 
simply impatient) will find the results of this section in the following paragraphs above 
§4.1; they may then skip to §5 where the experimental consequences are discussed. 

Summary of results 

Our strategy will be as follows. The first two models we analyze - M-theory on 
X7 = x S 1 j7L<i [R3[, also known as Hofava-Witten theory, and M-theory on a manifold 



of G2 holonomy - can be made consistent with the unification prediction of [m] , by keeping 
all scales including the eleven-dimensional Planck scale to within an order of magnitude of 
the unification scale, M GUT = 2 x 10 16 GeV. In this case we will find that XH 2 /M 2 ~ 10" 7 , 
which is unobservably small. 

However, if we give up perturbative unification, we can increase the volume of the com- 
pactification manifold and decrease the fundamental Planck scale. We examine such models 
under three constraints. First, the inflationary dynamics must remain four-dimensional. 
This puts an upper limit on the size of the compactification manifold, on the order of 1/H. 
Secondly, if we assume that the energy density during inflation is constant in d dimensions, 
then it must be lower than m^, where ma is the (/-dimensional (reduced) Planck scale. We 
will find that this also places an upper limit on the compactification volume. 

Finally, the four-dimensional gauge coupling must remain a ~ 1/25 in order that the 
standard model couplings are roughly correct at a TeV. The origin of gauge dynamics in a 
given model, combined with the constraint on a, affects how many dimensions can be made 
large. In M- and F-theory models, gauge dynamics arises on singularities or on branes, 
both at finite codimension in the compactification manifold. If the singularity or brane 
lies on a /c-dimensional sub manifold £ C X, a = VeM* and Vs is fixed. The number 
of dimensions which may be made large is then the codimension d — k of the brane or 
singularity, so the models with the greatest chance of giving rise to observable corrections 
in Q4.1|) are those with the highest d — k. 

In M-theory on Xq x S 1 ITL2 the gauge dynamics occurs on the boundaries of S 1 /~%-2 
which have codimension one. The volume of Xq is constrained, and we cannot decrease 
the size of the interval S 1 /~2-2 low enough to make the correction term in ( [4.1| ) observable. 
Manifolds with G2 holonomy are in much better shape. The gauge dynamics lies on sin- 
gularities of codimension four ||15|| . We can increase the volume of the transverse manifold 



such that the eleven-dimensional Planck scale is raw ~ H. 
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We then move to ten-dimensional type I models. In the simplest such models the 
gauge degrees of freedom propagate in ten dimensions. The compactification manifold 
can be made large consistently with a = 1/25 by adjusting the string coupling. But this 
coupling is weak, so that ten-dimensional physics is controlled by very soft string physics 
and the correction in ( |4.1| ) is unobservable. 

One may also study models for which the gauge degrees of freedom propagate on 
branes. Two such models consistent with Af = 1 super symmetry in four dimensions 
are Hofava-Witten models with the gauge dynamics arising on M5-branes wrapped on 
Riemann surfaces, and F-theory models with the gauge dynamics arising on D3-branes. 
For both of these models, the strongest constraint is that imposed by sub-Planckian energy 
densities. Up to the model-dependent factor X, the constraints on the corrections in ( |4.1f ) 
lead to estimates for XH 2 /M 2 that are within a factor of a few of the estimate for manifolds 
of G2 holonomy, so we will not discuss these other models further. 

All of these estimates are model-dependent and imprecise. In particular, we will argue 
below that the loop expansion is starting to break down as the corrections in ( |4.1|) start to 
become observable. It is easy to imagine these effects changing our estimates by an order 
of magnitude in more precise calculations. For this reason we parameterize our results in 
terms of H 2 /M 2 and X separately. 

4-1. Notation 

First we specify our notation: the dimensionful gravitational coupling n d is the coef- 
ficient of the Einstein term: 

C = 1T2 I d d x^R . (4.3) 
ZK d Jx d 

We define two versions of the Planck mass (differing by a numerical factor): 

2k 2 = (2n) 8 £ 9 d = I 9 d ; M d = l/£ d , m d = l/£ d . (4.4) 

When we compactify on a manifold Xd-4 with volume Vd-4, the four-dimensional Planck 
scale is: 

m 2 = 2m d d - 2 V d - 4 . (4.5) 

In ten-dimensional string theories the gravitational coupling can be written via the 
string scale as: 

2k 10 = g s a = — = g s (2tt) t s = g s . (4.6) 

The string tension is T = 1/2-koi' and a string oscillator mode carries energy l/yfoJ. 
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4-2. Corrections to the propagator in higher- dimensional theories 

Ideally we could choose a string model and simply calculate the one-loop corrections 
to Q4.1|) in perturbative string theory. However, string theory in approximately de Sitter 
backgrounds is poorly understood. Furthermore, we will find that the effects of high scale 
physics are closest to observability in M- and F-theory models. 

However, supergravity remains a good approximation in the calculations we are in- 
terested in. We will begin by simply studying a scalar field coupled to a <i-dimensional 
graviton on a (d — 4)-dimensional torus. This may seem nonsensical as the loop integrals 
will be badly divergent. However, the corrections to the p 2 and p terms in the propagator 
vanish in supersymmetric theories when 16 or 32 supercharges are unbroken, at energies 
above the compactification scale. Therefore, supersymmetry cuts off the otherwise highly 
divergent amplitudes without our needing to appeal to the ultraviolet physics of M- or 
F-theory. The scale of the cutoff will be set by the scale at which the full supersymmetry 
of the underlying theory is restored.! 

Because the loop integrals are dominated by energies near the cutoff, well above the 
compactification scale, we can ignore the effects of the curvature and topology of X^- We 
will therefore estimate the correction in ( f4.1| ) by coupling the inflaton to the d-dimensional 
graviton on a rectangular (d — 4)-dimensional torus. For our purposes, the effects of the 



actual geometry can be summarized in terms of the model-dependence of X in (|4.1| ) 



The Lagrangian for a massive scalar minimally coupled to the d-dimensional graviton 

is 

S = ~ J d d x^g (g ab d a( pd b( p + mV) ■ (4-7) 

The metric g can be written in terms of the background metric n (which we take to be 
flat) and a small fluctuation: 

gab = Vab + Kb ■ (4.8) 

S can be expanded in powers of h using the formulae 

SV-9 = l^9 a %ab (4g) 



Sg ab = -g ac g bd 5g 



bd 



6 Of course supersymmetry is also broken by the vacuum energy. However it is restored for 
momenta k > H. The corrections we will discuss will arise from momenta much larger than H. 
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This will lead to nonrenormalizable couplings of the form h(d<p) 2 and h 2 (d(p) 2 : 
8S = - [ d d x (T^ b,mn h ab d m (/}d n (t) + T? bcd,rnn h ab h cd d m (/)d n (t) 



2 



+M« b h ab cf } 2 + Mf cd h ab h cd cf> 2 ) 



(4.10) 



where 



rpab,mn _ ^ ab mn _ r , rna ri rlb 
3 2 

rpabcd,mn _ _\^ab ^mc^nd _j_ \^ab ^cd^mn _ ^^ac^bd^mn _|_ ^^rnc^ad^nb _|_ ^^ma^nc^bd 

Mf = - m 2 rf h 

M a6cd = l m 2 ?? a6 ?? cd _ 1 ^^bd _ 

8 4 (4-11) 

The propagator for /i is, in de Donder gauge: 

(habhcd) = —jt^ [VacVbd + VadVbc - -j^,r] ab r] cd \ . (4.12) 
m%k 2 \ a — 2 J 

The two one- loop diagrams are shown in Fig. 2. The diagram on the left will contribute 
both wavefunction renormalization terms and p 4 /A 2 corrections to the propagator, while 
the right-hand diagram will give further wavefunction renormalization corrections. 



Fig. 2: Two one-loop diagrams important for the computation. 



We are interested in the divergent part of the loops with loop momenta of order k 3> H. 
Therefore, we can approximate the if-dependence of the propagators at tree level via the 
first two terms in ( p.lj ), which amounts to shifting all of the masses by m? — > m 2 — 2H 2 . 
At the end we will take the leading correction in H 2 /A 2 . 
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The left-hand diagram leads to the correction: 

1 y> r d 4 k p 2 (p-k n ) 2 + p- (p - k n )m 2 + m 4 
1 W ml 2-j J ( 27r )4 (fca + m 2 _ 2H 2) ((p - k n ) 2 - 2H 2 ) [ ' } 

and the right-hand diagram to the correction: 

The sum over n is over Kaluza-Klein momenta, and k n denotes the full eleven-dimensional 
momentum of the internal graviton propagator. 

The four-dimensional integrals in ( |4.13[ ),( |1.14[ ) are already quadratically divergent, 



and the Kaluza-Klein sum only increases the degree of divergence. So long as the cutoff is 
more than a few times the Kaluza-Klein scale, we can approximate this sum by an integral: 

y = J%i_ / d d ~ 4 k , (4.i5) 

where Vd-4 is the radius of the T d ~ 4 . The eleven-dimensional momentum integrals are 
highly divergent and dominated by the UV end of the integral, near the cutoff A ^> H. 
We can therefore expand the integrand in powers of H 2 /k 2 . After subtracting the H- 
independent wavefunction renormalization correction, the most divergent terms in this 
expansion are: 

n d V d - 4 H 2 (p 2 + m 2 ) f d d k 1 , V d - 4 p 4 f d d k 1 
[P) m 2 J (2n) d k* + m 2 J (2Tc) d k 4 1 J 

The first term leads to an if-dependent wavefunction renormalization, and the second to a 
p 4 term in the propagator. The factor n d arises from the sum over graviton polarizations. 
Since de Donder gauge is not complete, we must subtract off the ghosts. The result should 
be the number of physical graviton polarizations, (d — l)(d — 2)/2 — 1. In theories with 
32 unbroken supercharges before compactification, the graviton supermultiplet contains 
additional scalars, gauge fields, and tensors, so that when we include all of the bosonic 
degrees of freedom we will find n d = 128. 

The size of (|4.16|) depends strongly on the cutoff. Naively one expects this cutoff to 



be Mf. If M f = m d , then 

d-4 
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and so we can write M = rrid in ( }4.1| ). However, the relation between A and Mf is model- 
dependent, and may involve factors of 27r and other dimensionless numbers. Because these 
factors are raised to high powers, they can have a significant effect on the size of the 
correction in For now we will set 

A = cm d , (4.18) 

with c ~ (9(1) parameterizing the model-dependence. 

After performing the momentum integrals in ( |4.16| ), we find: 



2n d 7r d /V- 4 H 2 , 2 2 , 27r d/2 c d-4 p 4 

{P) ~ (rf-4)(2 7 r) d r(f)M / 2 ^ +m j + (rf-4)(2 7 r) rf r(f)m 2 ■ ( U9) 



Since rid ~ 100, the wavefunction renormalization term will dominate, and we will find 
that the coefficient X in ( [4.1] ) will take the value: 



2n d n d / 2 c d -* 

(d-4)(2^r(f) 



while M = M f . 

These estimates are hardly precise. In addition to the model-dependence we have 
discussed, the loop expansion will begin to break down in models where the corrections 
in (|4.1|) are close to observability. For these models c > 1 in ( [4.18|) . If the fundamental 



scale is Mf = ma, where rrid is the d-dimensional Planck scale, then the dimensionless 
gravitational coupling governing loop corrections will be: 



9lrav = I £~ ) ■ ( 4 " 21 ) 



1 grav 



A\ d ~ 2 



m d J 



Once A ~ rrid, 9g ra v ~ 1- Nonetheless we will assume that the one- loop answer gives a 
rough estimate of the size of the corrections in ( |4.1| ). 

We will still try to be careful about numerical factors. This may seem perverse given 
the above discussion. However, these factors are often raised to high powers, so that they 
contribute appreciably to our order-of-magnitude estimates. 

The remainder of this section will amount to estimates of the magnitude of ( [4. 1| ) in a 
variety of string and M-theory models, with these caveats firmly in mind. 
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4-3. Physical constraints on compactifications 

In the minimal supersymmetric standard model, the running strong, weak and elec- 
tromagnetic couplings unify at 

aavT = i~k (4 - 22) 

at a scale of order Mqjjt ~ 2 x 10 16 GeV |34|. This is strong evidence for grand unification 
at that scale. Nonetheless it still indicates a small hierarchy between Mqjjt and m^. 

In traditional string phenomenology, one starts with ten-dimensional type I or het- 
erotic string theories, which have 16 unbroken supercharges. One then chooses a six- 
dimensional Calabi-Yau manifold X with volume Vx ~ -^gut^ which preserves N = 1 
SUSY at the compact ificat ion scale. Mgut, Q-gut and are computable functions of Vx, 
the string scale m s and the string coupling g s , and one may adjust the compactification 
parameters in order to match the unification predictions of ||34j| . 

For type I models, the measured values of cxgut,Mgut, and can be achieved in 
models with weak string coupling. For heterotic models, the observed couplings and scales 



are incompatible with weak string coupling ||13|| . One may try to work at strong heterotic 
coupling, but it is not clear that the expressions for the gauge couplings are correct. 

Instead we can appeal to string duality |I3| . The strong coupling limit of the SO(32) 



string is weakly coupled type I string theory |35j . The strong coupling limit of the Eg x Eg 
heterotic string compactified on X is M-theory onlxS 1 /^ ||33|| . In this latter limit, gauge 
coupling unification is compatible with a background well described by 11-dimensional 
supergravity [|T3|] . 

We will also study M-theory on a manifold of holonomy, and weakly coupled type 
I string models. We will find that Hofava-Witten theory (with the standard model as a 
subgroup of Eg x Eg) and weakly coupled type I models do not give rise to observable 
corrections in ( f4.1|) , in any reasonable regimes of parameter space. It appears that for such 
corrections to be observable, the dynamics must be strongly coupled and the standard 
model should live on a brane or singularity with high codimension. 

In the remainder of this section we will discuss a variety of models which have low- 
energy gauge dynamics and a fundamental scale lower than m^, and estimate the size of 
corrections to ( |4.1| ) . We will spend the most time on Hofava-Witten models. We will then 
discuss M theory on manifolds of G2 holonomy and Hofava-Witten theory type / models. 

In models consistent with coupling unification, the correction to ( flip will turn out to 
be too small to be observed. We will therefore examine a wider class of models under the 
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following constraints. First, the four-dimensional Planck scale must be that given by exper- 
iment. Secondly, although we have given up coupling unification, the gauge coupling at the 
fundamental scale must be on the order of a = 1/25, to get roughly the correct standard 
model couplings at a TeV. Thirdly, we will demand that inflationary dynamics be truly 
four-dimensional. The upper limit on the compactification volume is set by demanding that 
the Kaluza- Klein momenta be larger than the deSitter temperature, T d g = H/2tt, so that 
the dynamics of quantum inflaton fluctuations remains four- dimensional. If we imagine 
compactification on a circle with circumference L, this condition means that L < (2tc) 2 /H. 
For a manifold X}~ with volume we take this to mean that 

Vk<^r- (4-23) 

Finally, we demand that the (i-dimensional energy density be sub-Planckian. Let us 
assume that the energy density responsible for inflation is constant over the compactifica- 
tion manifold Xa-A- Denoting the /c-dimensional energy density by EKs, 

Ef A) = 3H 2 m 2 = E( d) V d _ 4 , (4.24) 



\m d l 3 V rn d 



H^ 2 



which implies 



Therefore we demandB 

(—) <1- (4-26) 
\m d J 

Since is fixed, Eq. (|4.5|) ties a lower limit on m d to an upper limit on V d -4- Depending 
on the model at hand, this bound may be more or less stringent than Q4.23 ). 



In our study of perturbative type I models, we will also demand that the energy 
density E^ Q ^ < ml°. At higher energy densities stringy physics is not understood. 

We will find that for models which give measureable correction terms in Q4.1| ), the 
fundamental scale m d ~ H ~ 7 x 10 13 GeV. With such a low scale we have to worry again 
about proton decay. In GUT models dimension-six operators suppressed by 1/Mq UT 
lead to proton lifetimes close to the experimental lower bound, close enough to model- 
dependent factors to rule out models. Dimension-six operators suppressed by 1/H 2 will 



We ignore the factor of 1/3; it disappears if we allow e.g. Ei^) = l-2m<2 which we cannot 
rule out at this crude level. 
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lead to proton decay which is 10 or 11 orders of magnitude more rapid than if they were 
suppressed by 1/Mq UT . If one is able to forbid operators below dimension seven, then 
higher-dimensional operators suppressed by powers ofl/H will lead to phenomenologically 
acceptable lifetimes. One could achieve this, for example, if some discrete subgroup of the 
£7(1) baryon number symmetry was gauged, along the lines of |36,37]. Since we are not 
studying our models in detail we will leave this issue aside. 

4-4- The Hofava-Witten model 

Compactifications of M-theory on X\\ = X±q x S 1 jZi were the first known M-theory 
models with chiral gauge dynamics []33| . These models can be described relatively explicitly, 
so we will spend the greatest amount of time on them. In addition, in models which realize 
N = 1 supersymmetry, the explicit pattern of super symmetry breaking means that moduli 



of the compactification manifold are good inflaton candidates [p8| , |39|| as we will review 
below. 

If Xio = H 4 x Xq and Xq is Calabi-Yau, the theory has four unbroken supercharges 
in four dimensions. One E$ gauge multiplet is localized on each end of the interval. The 
gauge couplings are: 

^ a 7a 1 2 vV3 / ^ (4.27) 

where the sum is over the two boundary components. Upon compactification on X , anom- 
aly cancellation will require gauge field configurations which break this gauge group further; 
generally one breaks one of the E% groups to the GUT group and then to the standard 
model gauge group, while the other E$ is the gauge symmetry of a hidden sector. 

Without going into great detail, we can see that these models can match the predicted 
coupling unification in a regime where all scales, including the fundamental scale, are close 
to Mqut and supergravity is valid. 

The GUT group is broken to the standard model gauge group by visible sector gauge 

r 1 

GUT' 



field configurations on X - c.f. j|0| for a discussion. Therefore we let Lqy = V x ^ 6 = M c 1 



Newton's constant Gn and the GUT coupling aour can be written as [0 

1 V x L n 



8tvGn 



OLGUT 



N «n 

9gut _ ( 4 ™n) 



2/3 (4-28) 



4tt 2V x 
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With the above values of qlgut and Mqut, we find: 

mn ~ 2Mqut 

Mn ~ 10M GUT (4.29) 

- 1 0.01M Gt/T ■ 

£11 

Therefore although the heterotic coupling is strong, this compactification is well described 
by lid supergravity. Note that we do not have to postulate large hierarchies between the 
GUT and fundamental scales. The largest hierarchy is between Mn and 1/Ln. If we take 
the ratio between Mn and the mass gap of the Kaluza-Klein excitations with momentum 
along S 1 /S 2 : 

Tnii/rriKK = t^hLh/ti ~ 60 , (4.30) 

so the Kaluza-Klein scale is about an order of magnitude off from the GUT scale. 

The expansion parameter in these models is (2«f 1 ) 2 / 3 /Vx- The assumption that the 
geometry is a simple product X x S l /S2 holds only at lowest order. To next order in 
our expansion parameter the product is warped; Vx depends on the coordinate in along 
S 1 jH-2 [13]. A natural size for L\\ is that for which the volume vanishes at the end of 



the interval where the hidden sector gauge group resides. One can then imagine strong 



coupling effects leading to supersymmetry breaking and the stabilization of moduli |13l,f41 
Ln determined this way depends on the topology of the E$ x E 8 gauge field configurations 
on A, and on the Kahler moduli of X . For reasonable choices of both, Ln is consistent 
with ( [Op . 

In this model maximal supersymmetry is broken to N = 1 in ten dimensions at the 
fixed points of S 1 l~S.ii an d then to iV = 1 in d = 4 by the compactification on Xq. The 

^ 1 /6 

cutoff in (|4.15| ) should be roughly V x , so we might expect the cutoff to be on the order of 
1/V^ 6 ~ Mqut- Again, the precise value of A is highly model-dependent. In a sufficiently 
anisotropic Calabi-Yau we can raise this scale. We will take it to be the fundamental UV 
cutoff that quantum-mechanical M-theory is expected to provide. 



This cutoff can be estimated by studying four-graviton scattering at one loop |^ 



since the amplitude is protected by supersymmetry, it can be calculated in string theory 
and extrapolated to strong coupling. The computation is cutoff dependent in supergravity. 
If we define the cutoff An by matching the supergravity result to the finite M-theory result, 



then \12 



A n = 2 4/ V 1 / 9 mn ~ 5mn . (4.31) 
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Inflaton dynamics in the Hofava-Witten model 

In the Hofava-Witten models, the moduli of Xq are natural inflaton candidates. A 
simple argument due to Banks ]38|,[39|]i shows that the pattern of supersymmetry breaking 



in Hofava-Witten models can lead to an inflaton potential with the right properties. M- 
theory compactified on a Calabi-Yau threefold X has eight supercharges, and the moduli of 
X are exactly flat directions, protected by supersymmetry. Upon further compactification 
on 5 ,1 /^2, supersymmetry is broken to N = 1 in four dimensions at the boundaries of the 
interval. Superpotentials for the moduli of X can arise only on the boundaries. 

Let (j> be the (complex) moduli of X in M-theory, describing sizes of various cycles 
of X in units of M\\. In four dimensions the kinetic term is: 

C kin = 7^V x L n [ d A xG A B^)d~4> A d} B . (4.32) 

where Gab is the dimensionless metric on the moduli space of X. The factor in front of 
the integral also multiplies the 4-dimensional Einstein term, which is expected since the 
moduli are simply components of the metric in X. This is just the "reduced" 4d Planck 
mass m 4 . 

The canonically normalized scalar fields in four dimensions are: 

<j) A = m ^ A . (4.33) 

In N = 1 language, G is the derivative of the Kahler potential 

G AB = d A d § K (4.34) 

where the derivatives are with respect to the canonically normalized fields. The fact that 
G is dimensionless and of order one means that we can write K in terms of a dimensionless 
order one potential K: 

K = m\k (4.35) 

so that 

G AB = d A d B K (4.36) 
where d is a the derivative with respect to (p. 



With many caveats, extensively discussed in [39|. 
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N = 2 SUSY is broken to N = 1 by the boundaries of S 1 j7L%. Fundamental physics 
on these boundaries is still controlled by mn, so that the superpotential will have the 
form: 

Csuper = m?i J d 2 6d A xw(^) + h.c. (4.37) 
The bosonic potential in N = 1 supergravity arising from this superpotential is: 

V (<j>) = e R ^± (g a ®D a wD b w - 3\w\ 2 ) = M 4 V, (4.38) 

V / m 4 \ UI4 J 

where 

Daw = 8aw + OaKw . 

For a successful model of inflation, must roll slowly for approximately 60 e-foldings, 
and the fluctuations in <fi must generate the density perturbations measured by COBE, 
Sp/p ~ 5 x 10 -5 . We can use this requirement to compute M [JTS|. We will choose our 
coordinates so that a single coordinate <fi parameterizes the trajectory in the moduli space 
travelled during the inflationary epoch. 

We rewrite ( |2.27|) in the present context: 



"4 

using the slow-roll expression 



H 



2 



V 
3mf 



Here (p e is the vev of the inflaton at the end of inflation, and <fi the vev 60 efoldings prior 
to that. Assuming V does not change much during inflation we can approximate ( |4.39| ) 
by: 

(f>-(f>e V , 

60 . (4.40) 



ml d^V 



If we let ((f) — <f> e ) ~ 7714 and solve for V/9^V, we can use ( |2.18|) to solve for M and M\\\ 

M~3x 10" 3 m 4 = 7 x 10 15 GeV 

(4.41) 

mn ~ 5 x 10 16 GeV . 

M is close to the unification scale Mqut, and the value of mn predicted here is close to 
that in ( [4.29| ). Within our crude set of approximations we can take this as an estimate of 
mn independent of ( f4.29|) . 
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Since these numbers are rough estimates, we will use the experimentally determined 
upper bound H in our estimates of H 2 /M 2 . 



Corrections to the inflaton propagator 

Eq. Q4.31|) implies that c = 2 4 / 9 7r 11 / 9 in ( f4.20|) . The correction in Q4.1|) is determined 
by: (here d = 11, n b = 128) 

M 2 ~ m\ x , X ~ 0.1 . (4.42) 
Using the experimental upper bound on if, and win as given in ( |4.29| ), 

^ - 10-6 ( 4 - 43 ) 
While this is better than the result expected from four-dimensional GUT models, it 
is not close to observable. If we were willing to give up unification at Mqjjt and require 
only that the gauge couplings satisfy a ~ 1/25 and that the inflationary dynamics be four- 
dimensional, we can have a smaller value of ran and the corrections in (|4.1| ) will be larger. 
(If we push these constraints to their limits, the eleven-dimensional energy density is still 
sub-Planckian). Note that for such models the arguments in []38| , p9| will cease to generate 
inflaton potentials with M. ~ Mqut, as we must push ran < Mqut for corrections in 
((O]) to be observable. We will have to assume that such potentials are generated by 
four-dimensional gauge theory effects. 

The correct four-dimensional Planck scale, 



m A = a 



1 (47r) 2/3 L 11 m n , (4.44) 



L n < 7 > TTTZ^ > ( 4 - 45 ) 



t 4 

The constraint that the inflaton fluctuations remain four-dimensional is: 

1 1 
rH ; 7> (2^) 
while a ~ 1/25 constrains the Calabi-Yau volume. Then 

* = (■ , ( , 46) 

m\ x r ) 1 / 6 V m 4/ 

Assuming also 7 = l/(27r) 2 and H = 7 x 10 13 GeV, we find that: 

mn ~ 6 x 10 15 GeV , 1/L n ~ 10 12 GeV , (4.47) 

so that 

^ ~ 10" 4 , ~ 0.1 . (4.48) 

This is a considerable improvement, but it is still unobservable. We will find below that if 
the gauge dynamics are restricted to a lower-dimensional brane, more directions transverse 
to the brane may be made large, and the fundamental scale can be lowered further still, 
while keeping the four-dimensional Planck scale fixed. 
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4-5. G2 manifolds 

M-theory compactified on seven-manifolds with G2 holonomy also provide d = 4, 
N = 1 vacua. Few compact examples are known but one may appeal to heterotic-M 



theory duality in seven dimensions to make some arguments about their structure flT4l,|15 
For another related construction see ||43|| . 



Calabi-Yau threefolds with geometric mirror partners are believed to be T 3 fibrations 
over an S 3 base [53]. Now heterotic string theory on T 3 is dual to M theory on K3, so if 
the base is large and we stay away from the singular fibers, we can claim that the heterotic 
string on a Calabi-Yau threefold is dual to M-theory on some -fT3-fibered manifold with 
an S 3 base, and hope that the story continues when the singular T 3 fibers are included 



I5J,|T5[. Indeed, noncompact examples which realize gauge theory with chiral matter take 
the form of an ALE space (a noncompact K3) fibered over S 3 or over S 3 /~%- n |Tj|. We will 
assume that sensible compact G2S exist which are K% fibrations over S' 3 /Z n . 

Begin with M theory on a singular K% surface with volume Vk3- The GUT group 
in such models arises from the singularities in the K% fiber, and so one begins with a 
seven-dimensional gauge theory with dimensionful gauge coupling g 2 = If we fiber 
this over S^/^-p with volume V53 then discrete Wilson lines can break the GUT group to 

— 1/3 

the standard model at the scale Mqut = U 53 
The four-dimensional GUT coupling is 

aGUT = k = s^b< ' <449) 

while the four-dimensional Planck mass is: 

ml = . (4.50) 

ZK 11 

Again we can use these to fix the eleven-dimensional Planck mass and the volume of 
the K3 fiber: 

mil ~ M GUT 

Mn ~ 6 Mqut (4.51) 
U~ 3 1/4 ~ 0.1 Mqut ~ ^M GUT . 

The eleven-dimensional Planck scale and the compactification scales are within an order 
of magnitude of each other. 
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These compactifications look like "brane world" models; the gauge dynamics are lo- 
calized on singularities with codimension four. One can have several singular regions in 
the K 3 fibers separate by a length of order V^ 4 > 1/Mgut, The singularities give 

rise to 7d gauge dynamics and the different gauge sectors will be "hidden" from each other, 
communicating via lid gravity. Furthermore, the chiral matter also resides on singularities 
which are points on S 3 ||15|| . In the K3 directions, maximal supersymmetry will be most 



strongly broken at the singularities on which the gauge dynamics reside. One can imagine 
an argument similar to that in |58,39] for the existence of inflaton candidates. We leave 



this for future work. 

Corrections to the propagator 

For Gi manifolds, the correction in (|4.1|) is still given by (|4.42|) . Using the value of 



mn given by Q4.51| ) the effect is only slightly larger, roughly by a factor of 2. Again, we can 
ask what happens if we give up grand unification. Here the constraint on m\\ is simply: 

The volume of the 5' 3 /Z n base is restricted by a ~ 1/25. The constraint 

Vk 3 ~ ^ , (4.53) 

and the constraint that the eleven-dimensional energy density be sub-Planckian, lead to 
the same lower limit on m\\ to within a factor of 2/3. Using the (tighter) constraint Q4.53Q 
, we find, using H = 7 x 10 13 GeV: 

M ~ mn ~ 8 x 10 13 GeV 

-4-7T ~2xl0 12 GeV r „ 
y / 4.54 

V K3 
tt2 

~ 1 X ~ 1 

M 2 ' 



M-theory in this limit could have an observable effect on CMBR anisotropies, via the 
corrections in Q4.1| ). We emphasize again the imprecision of our estimate of X; it is easy 
to imagine gaining or losing an order of magnitude in an explicit model. 
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4-6. Type I models 

In type I models, super symmetric coupling unification is consistent with weak string 
coupling. As discussed in §3, the corrections in ( fO| ) should be computable via string 
perturbation theory. These corrections are unobservable as long as string theory is in 
a computable regime. To see this, we will estimate the maximum size of tree-level and 
one-loop contributions to ( |4.1[ ) regardless of unification constraints. 

A four-dimensional N = 1 supersymmetric model arises in type I string theory from 
compactification on a six-dimensional Calabi-Yau manifold X. Tree- level corrections to 
ci.2 in ( |3.1|) are the result of compactification. No such terms exist in theories with sixteen 
supercharges. However, higher-derivative terms such as i? 4 terms do exist, suppressed by 
powers of a' . Upon compactification, such higher-derivative terms will lead to 

c ll2 ~ ^% + O (^f) , M~m s (4.55) 

in ( |3.1|) , where racy ~ 1 Kx is the radius of curvature of X. These terms lead to 
corrections in (|4.1|) with M = m s and X a function of m 2 CY jm\. 
The scales and couplings are constrained by: 



9s 

a 



in 



4irm 6 s V 6 
2 2m*V 6 

4 — 2 

9 s 



(4.56) 



Combined, these imply: 



2 9 s ml 
m a — 



g s = 4na 



8na 



-V 



(4.57) 



mcY ) 

If the ten-dimensional coupling is weak, then mcY ^> m s and the a' expansion breaks 
down If the a' expansion is good, the ten-dimensional string coupling is strong and 
(|4.57|) implies m s > m^. In the scenario which is closest to computable, nicy ~ m s ~ m 4 . 
The correction terms in (|4.1|) will appear as: 



H 2 

M ~ m s ~ m 4 ; ]^2~ 3x 10 " 8 ' ( 4 ' 58 ) 

which is unobservable; a large X in (|57I]) would be unnatural. For some type I compactifi- 
cations with mcY ~ "isj such as orbifolds or Gepner models, or marginal perturbations of 
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them, there is hope of doing a controllable calculation; indeed if racy = 2m s , g s ~ 10 -2 . 
However, unless such models deliver an extremely large value of X, which seems unlikely, 
the constraints in ( f4.57| ) require may to be an order of magnitude larger than m s before 
XH 2 /m 2 is observable. 

We conclude that for corrections in Q4.1|) to be observable in a string model, either 
the 2d cx-model coupling or g s must be large. 

4-7. Models with TeV scale gravity 

We can take the Hofava-Witten philosophy regarding the four-dimensional Planck 
scale to a more extreme conclusion. If we assume fewer extra dimensions, with the standard 
model particles still confined to a 3 + 1-dimensional submanifold, we may substantially 
reduce the fundamental scale of quantum gravity, as low as m* = 1 TeV, while keeping 
the four-dimensional Planck scale at its known value ||36|] . In particular, if there are two 
extra dimensions, the compactification volume could be as large as (1mm) 2 . 

In this class of models the vacuum energy cannot exceed the fundamental scale m*. 
Hence after the extra dimensions are stabilized, and the effective 4D Planck scale is given 
by its low energy value ~ 2 x 10 18 GeV, if the vacuum energy is localized to the 



branes the Hubble scale H = ~— - — is incredibly small INI 511, and the mass of the inflaton 



must be tiny |I5[|, PS| , sixteen orders of magnitude below m*. In addition the effect, 
which is a correction on the order of H 2 /m 2 ~ rn 2 /m 2 Pl 4 to the inflaton fluctuation 8<p, 
is unobservable. However, it is inconsistent to search for inflation after such large extra 
dimensions are stabilized, because if the fundamental scale is low, inflationary dynamics 
after the stabilization of extra dimensions fails to solve the age problem and does not 



reproduce the spectrum of primordial fluctuations [fRf . 

These problems are ameliorated if the extra dimensions play an active dynamical role 
in the early universe. Specifically, if the compactification volume was much smaller at the 



time of inflation fliTf , the instantaneous Planck scale at the time of inflation was much 



smaller than its later value after the stabilization, implying that inflation at times before 
the extra dimensions are stabilized can address both the age and the fluctuation problems. 
The details of the pre-stabilization inflationary dynamics are given in [^7]]. The simplest 
realization of the scenario proposed in is if the modulus parameterizing the size of 
the extra dimensions itself is the inflaton. In that case the slow roll condition can be 
restated as a bound on the ratio of the expansion rate of the dimensions transverse to the 
brane (extra dimensions) to the expansion rate of the dimensions longitudinal to the brane 
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(macroscopic dimensions). Representing the former by a scale factor b and the latter by a, 
it is convenient to quantify the slow roll condition Ht,/H a <C 1 (where H a = a/a etc) by 
the parameters S, T, defined by H a ~ S + T(b/bj — l) 2 + ••• • Here bi is the initial size 
of extra dimensions. Then the slow roll conditions (i.e. the requirement to get sufficient 
number of efoldings > 70) and the scale-invariance of the spectrum of fluctuations require 
T <^ S < 0.002 |4"7l. Since the Planck scale at the time of inflation is m\ early ~ m™ +2 6™, 
the Hubble rate can be expressed as 

9 V , 
H 2 a ~ 4.59 

where n is the number of extra dimensions and V the inflationary potential. The COBE 
normalization of the density contrast at 50 efolds before the end of inflation requires 

10 3 \/V 

6?nC * (4.60) 
S mi 



and we find after simple algebra 



H2 S ^ (4.61) 



ml 3000 m 2 

independently of the number of extra dimensions. The precise value of V and S is clearly 
model-dependent; in principle, V which is supported by the branes can be as high as 
and S < 0.02. Thus the maximal value of the imprint of large extra dimensions in the sky 
is 



— < 6.6 x 10" 6 (4.62) 



m\ 

This is several orders of magnitude too small to be detectable. We should stress that this 
formula is quite general, because it does not depend on the number of extra dimensions 
nor the details of the potential, but holds merely as a consequence of a very basic slow 
roll requirement. The only assumption which this is based on is that the radius modulus 
is the inflaton. In those cases rapid asymmetric inflation erases any short distance physics 
imprints on the sky very efficiently. These conclusions might be altered by the construction 
of more complex scenarios where the inflaton is different from a radius modulus, or where 
the potential is distributed throughout the bulk. However in the case of TeV gravity 
models, direct searches for signatures of the new physics in colliders would be much more 
promising than the surveys of the sky anyway. 
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5. Modification of Inflationary Consistency 

A useful test of inflationary dynamics is the so-called "consistency condition" , which 
relates the ratio of amplitudes of the tensor and scalar modes to the tensor tilt (for a review 
of potential reconstruction and the consistency condition, see [|J). In standard inflation 
models (assuming Einstein gravity) the spectrum of scalar fluctuations As determines the 
inflaton potential, and one can then, in principle, use the potential reconstructed from this 
data to predict the tensor spectrum At- In practice, if one expands \n(As) and ln(Aj-) in 
a power series in the momentum ln(/c), one can only determine the first few coefficients in 
the series. However, these are enough to provide at least a lowest-order (in the slow-roll 
parameters) check of consistency. As we will demonstrate, if the effects of high-scale physics 
are included, the usual relations for inflation in Einstein gravity will not be satisfied. 

5.1. Consistency in standard inflation 

We define the (unmodified by high scale physics) scalar and tensor spectra ( j2.20| ) (|2.21 



and 

A^{k) = -^— . (5.2) 
Recall that the k dependence is implicit in H. Then 

(A To /A So f = 2m 2 J^ = e . (5.3) 

The tensor tilt is 

- fl(Mlb) _o 00 9H _ 4m 2 H' 2 _ 
UTo = d(lnk) ~ 2 d^k)^ ~ &~ ~ °' ( } 

to lowest order in 6q. Hence the lowest order prediction of inflationary consistency is: 

n To +2(A To /As ) 2 =0. (5.5) 

5.2. High-scale modifications to consistency 

When we include the effects of high-scale physics, the observed scalar and tensor 
spectra will be modified: 

A s = A So (l + X s H 2 /M 2 ) 

(5.6) 

A T = A To (l + X T H 2 /M 2 ) 1 
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where X$ and Xt are numerical constants in the effective action, and M is the scale of 
the new physics. The ratio of the observed tensor and scalar power spectra is: 



(At /As) = e (l + 2(X T - X S )H 2 /M 2 ) = e. (5.7) 
However, the tensor tilt ray is now 

d(\nA T )/d(\nk) = -2e (l + 2X T H 2 /M 2 ) , (5.8) 

and therefore 

n T + 2 (At/As) 2 = -2e X s H 2 /M 2 ^ 0. (5.9) 

Hence we can parameterize the predicted effect of the high-scale physics in a way that is 
independent of the modification to the graviton kinetic term. 

Of course, in standard inflationary models the consistency relation (|5.5| ) is modified 
at higher order in the slow roll parameters: 

ra To + 2^ = 2^ (^L _ (i _ nSo) \ = _ 2eo (2 Vo + 3e ) , (5.10) 

So So \ Sn / 



where ra was defined in (|2.3[) and ns is the unmodified scalar tilt. As is manifest, this 
correction is determined by the slow roll parameters, which in turn can be determined via 
the measured scalar and tensor power and tilt. 

It will therefore be possible to observe the violation of the consistency condition due 
to high scale physics if the measurements of the scalar and tensor power and tilts are 
precise enough. This accuracy is limited by cosmic variance, instrumental noise, and 
backgrounds. Since the tensor fluctuations have not yet been detected, it is not known what 
the backgrounds will be, and therefore how many independent data points will ultimately 
be available. 

Let us assume optimistically that in a region where the signal is within a factor of three 
of the maximum we will be able to measure the B-mode of the CMB polarization to an 
accuracy limited only by cosmic variance. This gives a baseline in the spherical harmonic 
I from, say, I — 50 to I = 150 (see e.g. |38[l). Given that the cosmic variance error in each 
point is ~ Vl ~ 10, and we have ~ 100 points, we expect a precision of ~ ±1%. We should 
emphasize again that this estimate is close to a best case scenario. Many other factors 
could stand in the way of making cosmic variance limited measurements of this quantity, 
which we must bear in mind, has not even been detected yet. 
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Assuming one percent precision we can continue our discussion of observability. The 
violation of the consistency condition is 2eoX$ H 2 /M 2 ( J5.9| ). If we assume eo ~ 1/15, and 
XsH 2 /M 2 ~ .1, the effect will be on the edge of observability. Note that this value of 
eo is about the largest allowed by current experiment. From the standpoint of chaotic 
inflation models, it requires that the potential near the minimum be controlled by a fairly 
high order monomial (p n , which requires significant fine tuning. A large discrete symmetry 
group at the minimum would be required to make this technically natural. 

While the corrections in (O) lead to violations of ( |5.10Q , they are not the only pos- 
sible source of such an effect. In particular, they are possible in theories with multiple 
scalar fields in addition to the inflaton |4l|[50] . Upon examining these models we find that 
appreciable effects require fine tuning of the scalar potential and the initial conditions for 
the scalar fields. In general these additional effects are probably unobservable even with 
our generous estimate of the accuracy of future experiments. 



6. Conclusions 

Let us summarize the main points we have made. We reviewed the basics of slow 
roll inflation, emphasizing in particular that the size of CMB fluctuations is determined 
by inflaton fluctuations at momentum scales ~ H. The experimentally important regime 
is H <C m4. It is very plausible, then, that one can express the inflaton dynamics at 
scale H in an effective local field theoretic action where all unknown short distance physics 
will be encapsulated in the coefficients of irrelevant operators. There are just two leading 
irrelevant operators (see (|3.1| )) which produce corrections to Sp/p of size XH 2 /M 2 where 
M is the mass scale of the short distance physics and X is a numerical constant that is 
calculable if the short distance physics is under calculational control. This is one of the 
major results of our work. 

We then turn to evaluating the size of these corrections in various contexts. For 
all renormalizable field theories these corrections are generically of size H 2 /m 2 ~ 10 -11 , 
too small to observe (although fine tuning can make them much larger). Weakly coupled 
string theories of conventional type display corrections of similar size. Regions of parameter 
space that display larger corrections clearly must involve smaller fundamental mass scales. 



Horava-Witten theory compactified with scales appropriate to grand unification |13[ has 
a fundamental mass scale-the eleven dimensional Planck mass-that is smaller, m\\ ~ 
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5 x 10 16 GeV. Nonetheless for this theory XH 2 /M 2 < 10" 7 , still far too small to be 
observed. 

If we allow ourselves to give up precision grand unification we found in section 4. that 
by studying G2 compactifications of M theory with large K3 fiber we could lower ran until 
it was almost comparable to H, giving effects of order one that are potentially observable. 
We must stress again that these models are not particularly attractive phenomenologically. 
Precision grand unification must be abandoned, although a reasonably large desert (up to 
~ 10 13 GeV) can be maintained. To maintain the height of the inflationary potential at 
10 16 GeV as ran is lowered we must abandon ran on the branes as the source of V |38] 



and invoke a more recondite four dimensional mechanism that is invariant under increases 
in compactification scale. To avoid large proton decay rates we must invoke additional 
discrete symmetries. 

Nonetheless we believe that there are a set of viable M theoretic models that pro- 
duce potentially observable signals. The comments in Section 5 indicate that we will need 
cosmic variance limited observations of tensor fluctuations-a very challenging, long term 
experimental goal-to see such signals. However, there may be other ways to probe these 
effects in the future. Direct detection of relic gravitational waves (by more sensitive suc- 
cessors to LISA, for example) would probe short wavelengths and so would not be limited 
by cosmic variance (see e.g. ||51|| ). Millisecond pulsar timing measurements would have 
the same advantage f5^] . i 

Perhaps the most important lesson we have drawn from our work is a qualitative one: 
the idea of probing short distance physics using cosmological observations looks feasible, 
possibly even at energies as high as 10 13 — 10 14 GeV. The challenge now is to open the 
window wider. 
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